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Introduction
The Boundary value problems for ordinarfferential operators with spectral parameter in thenbdary

conditions have been considered in various forranatby many author(see[4 — 5,7,13-18]). In [11,
13], the authors studied the basis property in variaugtfon spaces of the eicvalues- and associated
function system of the Sturirieuville spectral problem with spectral parametethe boundary condition
The existence of eigenvalues, estimates of eigagsaland eigenfunctions, oscilon properties of
eigenfunctionsand expansion theums were considered in [5, 6, 15, 1f§r fourtr-order ordinary
differential operators with a spectral parameter inunbary conditior In [12], Menken and Mamedov ha
studiedthe non-self adjoint Sturraiouville operators with periodic and a-periodic boundary conditions
are and they provelasis property in the spaL,(0,1) of the root functionsin [8], Mamedovinvestigated
the completeness, minimality and basic propertieghe eigenfunctions of one discontinuous St
Liouville problem with a spectral parameter in boundary d@rd and transmission conditions. In |
Mamedovand Menken are studied the boundary value lem generated by a second ordifferential
equation and a spectral parameter dependent bguedaditior on the half line. They are defined 1
scattering data and they proved the continuityhef scattering function & with deriving the Levinsc-
type formula. In [10] Mamedov and Cetinkayare considered the Sturmeuville operator with
discontinuouscoefficient and a spectral parameter in boundconditions als they are investigated
orthogonality of the eigenfunctions, realness dantpkcity of the eigenvaluesMoreover they hay shown
that the eigenfunctions form a complete system and estpaniormula with respe to eigenfunctions is
obtained. In [13],Naimark investigated the spectriand the expansion in eigenfunctions of a -self
adjoint operator of second order on a <«axis. In [4],Fulton considered the Stu-Liouville equation with
one boundary condition dependent on the spectrehnpeter and obtained asymptotic estimate:
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eigenvalues or eigenfunctions.

In [7], Jwamer and Mohammed studied the boundeduietse eigenfunctions of the spectral problemhef t
form:

=" (x) + p1 ()Y’ (x) + q: )y (x) = 22 p(x)y(x),

with the boundary conditions

y(0) = 0,y'(a) —idy(a) = 0,
1
2

a

([ 2wl =1,
0

where A is a spectral parametes(x) is a weight function satisfying the Lipschitz cdiah, p;(x) #

0,p;(x) € C1[0,a] and g, (x) € C[0, al.

In [1-3], the properties of eigenvalues and thenedton of the corresponding eigenfunctions for the

boundary value problems consisting the same differleequation

—y" +q@)y = 2p(x)y,x € (0,a)

with different boundary conditions were studied.

In this paper, we concern to find the liner indegemt solutions (eigenfunctions) as well as the qgtit

formulas for eigenvalues in both regular and irtagwcases of the following spectral boundary value

problem:

—y" () + q(x)y(x) = 22 p(x)y(x),x € (0,1) 1)
Ui(y) = y'(0) — idhy(0) = 0, (2
U,(y) =y'(1) + idhy(1) = 0, 3

whereh is a positive real parametér= 6 + iy is an eigenvalue, wheie= \/—_1,6,)/ € R, andR is the set
of all real numbers and(x), q(x) are positive real continuous functions(@nl), wherep(x) is known as a
weight function. Let n and N be fixed constantshstitat0 < n < N andL*(0,1) refers to the set of all
positive integrable functions(x) on interval (0,1)that satisfy the conditiom < p(x) < N. We divide

A —complex plane into four sectofy and Ty, , k = 0,1,2,3, defined bykz—7r <argl < kz—” + %. We denote the
two different roots of(1) by w,, w; arranged so that for each of the secf@rsan be ordered in such a way
that, for allA € Ty, the inequalityRe(iw,4) < Re(iw;A) hold, Where‘?e(iwjl) means the real part of

iwj/l ,j=o,1.

The paper is arranged as follows: In section 2fime linear independent solutions of differentiablplem

(2). In Section 3, we specify the position of tipetral parameter in complex plane. In Sectionetpbtain
new accurate asymptotic formulas of the eigenvaioeszgular and irregular cases.

2. The Behaviour of the Solution of the Second Order Boundary Value Problem (1)-(3)
The aim of this section is to estimate thbawgour of the solutions to the given second otmmmdary
value problem and finding its coefficienss, (x), from the following theorem

Theorem 1

If the functionsp(x) and q(x) are continuous in the intervéd,1), then the equation (1) has, for each region
T of the 2 — complex-plane, two linearly independent solutionsnd y, which are regular fok € T. For
sufficiently large| 1|, they can be expressed in the form

x 1 1
(e 2) = et %Dt ——— 1 0(2) )
V() </1>
where@, (t) = iwy+/p(t), for k = 1,2.
Proof

From [19], Tamarkin has proved that the linear pefelent solutions of equation (1), for sufficieargie|4],
can be written in the form
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x 1
Yie(x, 1) = et (D) dt <Ao(x) +0 (5)> k=12,

where4, (x) is an unknown function of to be determined.
By differentiating this equation up to second orgiéh respect ta, the following relations are obtained

/ * 1/ A,(x) 1
YD) = (10,(0) &1 0O (Aooo “1(50) 0 (ﬂ)'

/" _ 2 AfF o) dt 1(24,(0)  9() 1 A7)
D= o e (AO(x)U(@"(’“)+(®k(x>)2A°(x) "P\(au0)
1
+qﬂ)

By substitutingyy (x, 1), v, (x, 1) and y;(x, 1) in equation (1), we have

—(1 2 A[) ok at 1 245(x) D (x) l Ay (x)
o e U(@k(") o™ ) F\(auoy

+ g MO U (4,0) +0(3) = Hp() €O (a,00) + 0 (3)

22 (~(8e0) 4000 ) + (=28 A50) — B ()4, () + (4o () — 450)) + 0 (3)

7
= 2p(x)A,(x) + 0 G)

Equating similar terms in both sides gives
~(8:(0) 40 () = p(x)4, (),
=205 () A5(x) — D (x)Ap(x) =0
and
q(x)A,(x) — Ap(x) = 0.
From—( @,(x)) 4, (x) = p(x)A4,(x), we get
D (x) = ?im,where i=+-1
and the equation — 2@, (x)A,(x) — @, (x)A4,(x) =0,
implies that
L4600 __ 0(0) 1
4,00 0 o
Finally, from equatiorg(x)A,(x) — A, (x) = 0, we deduce that
A0 _5 (@) 1p"®
A,(x) 16 p2(x) 4 p(x)’

4, (x) =

q(x) =

Hence,

x 1 1

Vi, 2) = eMo Ol ——— 40 (‘) '
Vo) A
The proof of Theorem 1 is completed.

3. Location of Spectral Parameter
In this section, we determine the positiomigenvalues in the complex plane.
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Theorem 2
Let A be an eigenvalue corresponding to the eigenfumgt{a) of the problem (1)-(3). 16 # 0, then4 is complex and
located in upper half plane.

Proof
In equation (1) and boundary conditions (2l €8), we replacey(x) by y(x), then the following
equations are obtained:

=" () +q()y(x) = 12 p(0)y(x),x € (0,1), (4)
y'(0) +idh7(0) =0, ()
y') —idhy(1) =0, (6)

the above equations (4), (5) and (6) exhibit th@t) is the eigenfunction corresponding to the eigarwal

A=6-—1iy.
Multiply equation (1) byy(x) and integrate the resulting equation with respeetfrom O up to 1, we have
1 1

1
Y I+ [y @I dr+ [ a@ yePdx = 2 [ p@ Iyl
0 0 0

Due to boundary conditions (2) and (3), we have
1

1
Al (D2 + ihAly(0)[2 + f Iy (I dx + f q(0) ly(o)|2dx
0

0
1

=2 [ p) yPax. @
0
Multiplying equation (4) by (x) and integrating the resulting equation with respeg from O to 1, yields
1 1 1
L@ 7 @Iy + [y P dx+ [ a@) y@Pdx =17 [ 6o Iy Pax.
0 0 0

Through using the boundary conditions (5) andy@) obtain
1

1
iRy D)2 — iRy (0)[2 + f ' I dx + f q(0) ly(0)|2dx
0

0

1
E f () ly(O)[2dx . ®)
0

Subtracting equation (8) from equation (7) we deduc

1
ih (A + ) (Ay(DI* + 1y@1*) = (1 -2) (A + 1) f p) ly(0)|dx.
0

Obviously,(2 + 1) # 0 becausé # 0, then
1

RUYDP + yOF) = 27 [ p0) by,
0

thus,

_ R UyP +lyOP)

2 fy p(0) ly()I2dx
1

Since f p(x) |y(x)|?dx has a positive value in the interval (0,1) and h is a positive real parameter, then y

0
> 0.
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Hence A is complex and located in upper half plane. Tk theorem is proved.

4. Asymptotic Behaviours of Eigenvaluesto the Problem (1)-(3)
The purpose of this section is to study thargeotic behaviours of eigenvalues in regular aregular cases.

Theorem 3
In the case of regulafp(1) # 1), the eigenvalues of problem (1)-(3) has the follgviasymptotic
behaviour:

1 [ 1
1. 1= E(mn —3 Lnf(A)+0 (Z)>,m =0,+1,%2,...,in the sector T;.

1 i 1
2.1= E(mn +§ Lnf(A)+0 (ﬂ),m =0,¥1,%2,..

(irk + a)(idk; + aq)
(irky + a)(irky + aq)

where f(1) = ,K, k1, k5, ks,a,and a, are constants, in the sector T,.

Proof
Consider the determinant 1), defined by A(1) = |Uj(yk)|1”,=12 , Where

N HOY:! 1 1
e = t<m+%)>’

and

x 1 1 x p'(x) 1
’ _ ﬂfo P (t) dt _ )Lfo Pp®)de| __F I — =
v ) = (A0, (x)) e (—4 p(x)+0(/1)>+e ( o p5(x)+0(/1)>’k 1,2.

The following results can be obtained by ugipgx, 1), y; (x, ) and the boundary conditions (2) and (3)

1 p (0)
A [1] (v p(0) —h [1] =0,
VP (‘” | I 4p4(0)
"D

e T 1] ) + k] —e L= 1) = o,

v | ] 4/5(1)
- [W +h]-L5=M1=0,

4p4(0)

and
o o—ip L _ap P(D
ile ‘M’4— [1]{h —p(1)| — e P ——T[1] = 0.

Vo) [ ] 4p%(1)

1

1 1 1

Let - VpO) —h| =k ——= [Vp(D) +h| =k, ———= |Vp(0) + h| = kz,b = | {/p(D) dt,
Vp(0) [ ] Vvp() [ ] Vp(0) [ ] OJ
'(0) p'(1)

" h—+/p(1) =k,—p =q,——=2a4,
7ol |- 930 api)
and

1
[1] = [1 10 (Z)]
So the above equations reduces to
iAk[1] + a[1] = 0,
irk,e?? [1] 4+ a; e*? [1] = 0,
ik, [1]+a[1] =0,
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ilkze” P [1] + a; e [1] = 0.

Substituting these equations into the determingaj, and setting\(1) = 0, we have
(G + @)k + a)) — (i, + @) (ks + a;) €22) [1] = 0,

(irk + a)(idks + aq)

ei22b —
(idky + a)(irk, + ay)’
then,
el2Ab — f(l)
Thus,

1
i2Ab = Ln f(1) + 2mmni+ O (z),

1 i 1 .
/1=E <mn—§ Lnf()l)+0(z)>.m= 0,+1,+2,...

Hence, in the case of regular and in the sdGtasymptotic behaviour of spectrum has the form

1 [ 1 .
A—E <mn—§ Lnf(l)+0(z)>,m— 0,+1,+2,..

and in the sectdr, has the form

1 i 1 — -
A= 3 <mrc +§ Inf(A)+0 (I)>m =0,+1,+2, ...
Thus the proof of Theorem 3 is finished.

Theorem 4

In the case of irregulafp(1) = 1),the eigenvalues of problem (1)-(3) has the follayviasymptotic
behaviour:

1 [ 1
1. 1= E(kn —% Lng(l) + 0 (Z))’k =0,+1,+2,...,in the sector T;.

1 i 1
2. 1= E(kn +5 Lng() +0 (Z)>,k —0,71,72,...

S4(idsy + a)

h A)=—-=
where g(2) Sy (ids; + a)

,S1,S2,53,54 and a are constants, such that h # —1, in the sector T.

Proof
By the same way and what we have done in The8rehre following equations are obtained:

. p'(0)
id— [11[\p(0) — 1] - [1]=0,
\/p(O) [ ] 4,3(0)
"D
iAeib [1] [Vp(D) + k| — e L2 1] = 0,
\/p(l [ ] 4,)%(1)
( )
_ 1] [p(0) + h| - [1] =0,
V [ ] 4p4(0)
and
et 1] = p(D)] - e~ @ [1] = .

ok D

Since in the irregular case the value @fx)atx = 1isaconstantandisequaltol (i.e.; p(1) =
1),thenp’(x) = 0atx =1, (i.e.; p'(1) = 0). Thus the above equations become

iAs{[1] + a[1] =0,

ils,e? [1] = 0,

ils; [1]+a[l] =0,
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and
ils,e” P [1] = 0,
where

1

Vp(0)—h|=s,14+h=s,,

4 p(O) [ p ] 1 2
- ! \/p(0)+h]=s3,h—1=s4.

p(0)

Spectrum of the problem (1)-(3) coincides with $le¢ of roots of the equatidr(1) = 0, then

iAs{[1] + a[1] iAs3[1]+a[1]

AQ) = . ;
@ ils,eP [1]  ids,e™ P [1]

= 0.

After expanding the determinant and simplificatios, obtain
(ids; + a)s, e P — (ids; + a)s, e*? = 0,

ei2db — g(/l).

Therefore,

1
i22b = Ln g(A) + 2kmi + 0 (Z)

1 i 1 -
E <kﬂ,’—§ Lng(&) + 0(1))]( = O,+1,+2,...

Thus, in the case of irregular, the asymptotic biha of spectrum in sectdl, has the form

1 [ 1
=2 <kn—% Lng(l)+0(z)>,k = 0,F1,72,...

A=

b
and in sectof’, has the form

1 i 1 -
E <kﬂ,’+§ Lng(&) + 0(1))]( = O,+1,+2,...

Hence, Theorem 4 is proved.

A=

5. Conclusions
The linear independent solutions as welhadacation of the spectral parameter and asynepfotmula
of eigenvalues in regular and irregular cases baes specified of the defined problem (1)-(3),
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